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Abstract. We use Artin-Schreier base change to construct coun- 
terexamples to a Kummer-Vandiver type question for function 
fields. 

1. Introduction 

Let p be a prime number and let F be the maximal real subfield of 
Q(/ip). The famous Kummer-Vandiver conjecture asserts that 

Z p ® z PicO F = {0}. 

It has been verified for all p less than 163, 577, 856 [3]. However, heuris- 
tic arguments of Washington suggest that the number of counterexam- 
ples j) up to X should grow as log log X, making it difficult to find 
either counterexamples or convincing numerical evidence towards the 
conjecture. 

The second author has recently proven a function field analogue of 
the Herbrand-Ribet theorem, and formulated a version of the Kummer- 
Vandiver conjecture in this context [6]. In this note, which comple- 
ments j6], we construct counterexamples to this Kummer-Vandiver 
statement. 

Let us now recall the statement of this analogue. Let A = F 9 [T] and 
let C be the Carlitz module over A. This is the A-module scheme over 
Spec A whose underlying group scheme is the additive group G a ,A, an d 
on which A acts via the F^-algebra homomorphism 

0: A ->■ EndG ajA : T^T + t 

where r: G a ,A — > is the q-th power Frobenius endomorphism. It 
is an example of a Drinfeld module, and in many ways it is an analogue 
of the multiplicative group in characteristic zero [3]. 

Let P G A be monic irreducible, let k = F 9 (T) be the fraction field 
of A and let K/k be the extension obtained by adjoining the P-torsion 
points of C. Then K/k is Galois and there is a canonical isomorphism 

u P : Gel(K/k) -> {A/P) x , 
l 
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which one can think of as the mod P Teichmiiller character. Let R be 
the integral closure of A in K and put Y = Yp = Spec R. 

Let C[P] be the P-torsion subscheme of C and let C[P] D be its 
Cartier dual. Consider the flat cohomology group 

H P :=R 1 (Y Pfi ,C[P] J '). 

This is an A/P- vector space on which the Galois group Gal(K/k) acts, 
so it decomposes in isotypical components as 

gdcgP_ 1 

H P = H P (u n P ). 

n=l 

In |5], it is shown that for n in the range 1 < n < g de s p — 1 which 
are divisible by q — 1 one has 

H P (uj n p- 1 ) ^ {0} if and only if B(n) = (mod P), 

where B(n) G k is the n-th Bernoulli- Carlitz number. The Kummer- 
Vandiver problem can be stated as follows (see [6j Question 1]): 

Question 1. Is Hp{ujp^ 1 ) = {0} for n not divisible by q — 1? 

The analogy with the classical Kummer-Vandiver conjecture is (im- 
plicitly) explained in [6l Remark 2]: using the Kummer sequence and 
flat duality it is shown that the classical Kummer-Vandiver conjecture 
is equivalent with the statement that 

^((SpecZfC^fl,^)^"" 1 ) = if n is odd, 

where I is an odd prime, Q a primitive £-th root of unity and xt denotes 
the mod I cyclotomic character. 

In this paper we use Artin-Schreier change of variables and computer 
calculations to construct counterexamples to the above statement. For 
example, we use properties of the prime 

P = T 3 -T 2 + le ¥ 3 [T] 

to show that the prime 

Q = p(T 3 - T) = T 9 - T 6 - T 4 - T 3 - T 2 + 1 

satisfies H Q (u 9 ^ ) ^ 0. Note that 9840 = n-1 with n = (q degQ - 1)/2. 

The degree of the prime Q is too high to allow for a direct compu- 
tation of Hq. 

In a forthcoming paper we compare the flat cohomology groups of [6] 
with the group of "units modulo circular units" introduced by Anderson 
P] , and show amongst other things that the Kummer-Vandiver problem 
of [6] is equivalent with Anderson's Kummer-Vandiver conjecture [TJ 
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§4.12]. In particular, the present counterexamples will also serve as 
counterexamples to Anderson's conjecture. 

Acknowledgements. The authors thank the referee for several sug- 
gestions and corrections that helped improve the paper. 

2. Notation 

2.1. L-functions. Let F/E be a finite abelian extension of function 
fields of curves over F q . Assume that F q is algebraically closed in both E 
and F. Let x : Gal(F/E) — > C x be a homomorphism, and let E x C F 
be the fixed field of ker \- We set 

L(X,E, X )= J] {1 - xWx** )- 1 e C[[X\], 

v place of E 

where x{ v ) = x(( v i E x /E)) if v is unramified in E x /E and x( v ) — 
otherwise. Here (—,E X /E) denotes the global reciprocity map. Recall 
that L(X, E,x) is a rational function and that if x 1 then L(X, E, x) 
is a polynomial whose coefficients are algebraic integers. 

2.2. The cyclotomic function fields. Let p be a prime number. Let 
F q be a finite field having q elements, q = p s , where p is the charac- 
teristic of ¥ q . Let A = F q [T] be the polynomial ring in one variable 
T and let k = F q (T) be its field of fractions. We denote the set of 
monic elements in A by A + . For n > 0, we denote the set of elements 
in A + of degree n by A n . We fix A;, an algebraic closure of k. All finite 
extensions of k considered in this note are assumed to be contained in 
k. We denote the unique place of k which is a pole of T by oo. 

Let P G A be monic irreducible of degree d. We denote the P-th 
cyclotomic function field by Kp (see jl], chapter 7). Recall that Kp/k 
is the maximal abelian extension of k such that: 

(1) Kp/k is unramified outside P and oo, 

(2) Kp/k is tamely ramified at P and oo, 

(3) for every place v of Kp above oo, the completion of Kp at v is 
isomorphic to F 9 ((^))( 9 - 1 V /Z T). 

The Galois group Gal(Kp/k) is canonically isomorphic with (A/PA) X 
and the subgroup F x C (A/PA) X is both the inertia and the decom- 
position group of oo in Kp/k. 

3. Cyclicity of divisor class groups 

3.1. An Artin-Schreier extension and the function 7. Let i : A + — > 

Z/pZ be the function that maps a polynomial 

T n + ai T n ~ l + •■■ + «„ 
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to Tr F? / Fp a 1 G Z/pZ. Observe that for all a, b G A + we have i(ab) = 
i(a) + i(b). 

Let # G be a root of X p — X = T. Then the extension k obtained 
by adjoining 9 to k is rational and we have k = F 9 (#). The extension 
ramifies only at oo. The integral closure of A in k, which we denote by 
A, is the polynomial ring ¥ q [9] in 8. 

We have an isomorphism of groups Z/pZ — > Gal(k/k) given by 

n (->• cr n = [0 h- >■ — n] . 

Let (—,k/k) be the Artin symbol for ideals, then for all a G A + we 
have [21 Lemma 2.1] 

(1) (aA, k/k) = <7i(a). 

Let n be a positive integer. By [2, Lemma 3.2] for all m sufficiently 
large we have 

i{a)a n = 0. 

aeA m 

We define 

m>0 aGyl m 



3.2. Cyclotomic extensions of k and of k. Now, we fix a prime P 
in A of degree d such that z(P) ^ 0. Set Q(0) := P(T) G A Note that 
by ([I]) the polynomial Q(0) G FJ0] is irreducible. Its degree is pd. 

Let Xp be the P-th cyclotomic function field for A, with Galois 
group A = (A/PA) X , and let Kq be the Q-th. cyclotomic function field 
for A, with Galois group A = (A/QA) X . By [21 Lemma 2.2] we have: 

KpCKq. 

Let L be the compositum of k and Kp inside Kg. Then L is an abelian 
extension of k with Galois group Z/pZ x A. 
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K, 



Q 



Z/pZ 





Z/pZ 



The inclusion A/ PA C A/QA induces an injective homomorphism 
A — > A. On the other hand, we can identify the Galois group of L over 
k with A, and obtain a surjective map 



A -)• A, 



which is explicitly given by 



(A/QA) X (A/ 'PAY : a ^ Nm^ a. 

3.3. Comparison of L-functions. Let PVo be the ring of Witt vectors 
of A/QA and let = Wo[C P ], where ( p is a primitive p-th root of unity. 
Let Up: A — > W /x and wq: A — >■ H /x be the Teichmiiller characters. 
We will denote by up the same character aswp, but seen as a character 
on Gal(L//c). In particular, we have 



Up 



CO. 



q a -l 



Let n be an integer such that 1 < n < q d — 2. Then [2J, Lemma 2.4] 
(2) L(X, L/jfe, up n ) = Y[ L{X, L/k, <K 



where <fi runs over all characters of Gsl{k/k) = Z/pZ. 

Observe that, if <fi ^ 1, then L(X,<pUp) is a polynomial of degree d 
(apply [2], Lemma 2.3 for both A and A). Furthermore, we have: 

(3) L{X, L/k, iJu n P ) = J2\J2 C; (a V(a)" J X m , 

m=0 \a£A m / 

where ip: Z/pZ — > H /x is the character that maps 1 to £ p . 
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3.4. Congruences. Assume that n is not divisible by q — 1. Then the 
Bernoulli- Goss polynomial (3(n) is defined as follows: 

m>0 a£i ra 

(The inner sum vanishes for all sufficiently large m.) 

Proposition 1. Assume that n is not divisible by q — 1 and that p is 
odd. Then the following are equivalent: 

(1) v p (L(l J L/k^oo P ))>2/(p-l), 

(2) (3(n) and j(n) are divisible by P. 

Proof. Using the congruence 

C* = l + i(C P -l) (mod(C P -l) 2 ) 
we deduce from (j3J) the congruence 

L(l, L/k, ^ n P ) = L(l, K P /k, u n P ) + (C P - 1) (j2 i( a )M< 

\m=0 a£A m 

modulo (C P — l) 2 . Since L(l, Kp/k, co P ) G Wo and p is odd, it follows 
that L(l, L/k, ipuip) vanishes modulo (( p — l) 2 if and only if both 

L(l,K P /k,u$) = (modp) 

and 

d 

Ka)up{a) n = (mod ( p - 1). 

m=0 a£A m 

The first congruence holds if and only if P divides f3(n) and the second 
if and only if P divides j(n). □ 

3.5. Divisor class groups. Let £ be a finite extension of k, with 
constant field ¥ q n. We have an exact sequence 

-»■ F* -»■ E x -> Div° £ — )• CI -E — > 

where Div° E is the group of degree divisors on E and CI E the group 
of divisor classes of degree of E. Since W is flat over Z this sequence 
remains exact after tensoring with W, and since F*„ has no p-torsion 
we obtain a short exact sequence 

(4) W ® E x -^W® Div° E — »■ C(E) — > 0, 

where C(£) = W® C\E. 
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Proposition 2. Let F/E be a finite Galois extension with Galois group 
G. Then there is a natural short exact sequence 

C(E) ->• C(F) G ^W® (DlvF)G 

Div E 

and (Div F) G / Div E is generated by the ramified primes. 

Proof. By Hilbert 90 we have H 1 (c7, F x ) = 0, and since W is flat over 
Z we have 

H X (G, ® F x ) = W <g) Lb^G, F x ) = 0. 

Taking G-invariants in the sequence (jl]) for F gives a short exact se- 
quence 

Q^W®E X ^W® (Div F) G -> C(Ff ->■ 0. 
Comparing this with (J3J) for i£ gives the desired exact sequence. □ 
Corollary 1. Assume that n is not divisible by q — 1. T/ien 
G(K P )(w p ") = C(L)(^- n f^ L/Kp) 

and 

C(L)(t^-») = C(ifg)(a;^-W- 1 >). 

Proof. Since L/Kp is unramified away from the primes above oo, we 
have that (DivL^/Divifp is generated by the primes above oo. Let 
S be the set of primes of L above oo and W s the free VT-module with 
basis S. Because n is not divisible by q — 1 we have 

W s (iJp- n ) = 0, 

hence the first claim follows from the Proposition. For the second 
claim, use that Kq /L is unramified away from Q and the primes above 
oo, and that Q is totally ramified. □ 

Theorem 1. Assume p ^ 2. Let P e A be monic irreducible of degree 
d, and such that i(P) ^ 0. Let n be an integer such that 1 < n < q d — 2, 
not divisible by q — 1 and such that f3(n) and j(n) are divisible by P. 

Then C(Kq)(ujQ n( ' 9 1 ^ <y<1 ^) is not cyclic. 
Proof. Set 

and assume that U is W^-cyclic, but that 0(n) and j(n) are divisible 
by P. 

Since (3{n) is divisible by P, it follows that JJ^-WKp) = C(K P ){u P n ) 
is nonzero, and in particular that U is nonzero. Let x G U be a 
generator, so that U = Wx. Let g be a generator of Gdl(L/Kp). 
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We have gx = wx for some w G W x . This implies that w p x = x, 
and it follows that w p — 1 = (mod p) and w = 1 (mod p). Since 
f p (l + u> + • • • + w p ~ l ) = 1 we find 

p[/ = (l + w + . . - + w^U c f/ Gal (V^p) 

and therefore the length of JJ /U Ga ^ L ' Kp > is at most 1. 

On the other hand, by [5 J and Corollary [Tj we have that the length 
of \jj\j^\{LlK P ) equalg 

v p (L(l, L/k, ^ P n )) - v p (L(l, Kp/k, u n P )) 
and by (J2J) this equals 

(p-l)v p (L(l,L/A:,^)). 

From Proposition [1] we deduce that the length of \J j\J G ^ L l Kp ) is at 
least 2, a contradiction. □ 

4. Kummer-Vandiver 

If P G A is monic irreducible we write Yp for the spectrum of the 
integral closure of A in Kp. 

Theorem 2. Assume p ^ 2. Let P G A be monic irreducible of degree 
d and such that i(P) ^ 0. Let n be an integer such that 

(1) (3(n) is divisible by P if n is not divisible by q — 1; 

(2) 7(71) is divisible by P. 

Let Q(T) = P(T p - T) and N = n(q pd - l)/(q d - 1). Then Q is 
irreducible in A and 

Proof. We split the proof in cases depending on the divisibility of n 
and dn by q — 1. Note that iV is divisible by q — 1 if and only if nd is 
divisible by q — 1. 

Case 1. Assume that n is divisible by q — 1. This case is treated in 
[2]. By [21 Proposition 2.6], we get 

(W®PicY Q )(uQ N )^{0}. 

Without loss of generality we may assume that 1 < n < q d — 1. Then 
by the work of Okada (|7], see also H §8.20]): 

B(q pd — 1 — N) = (mod Q(T)). 

By Theorem 1 of [6] (the "Herbrand-Ribet theorem" ) we conclude 

n l (Y Qfi ,C[Qf)(u- N - l )^{0}. 
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Case 2. Now assume that n is not divisible by q — 1 but dn is. Then 
by Theorem [T] the module C(Kq)(ujq~ n ) is not cyclic, and so we must 
have: 

(W®PicY Q )(oj Q - N )^{0}. 

We conclude with the same argument as in case 1. 

Case 3. Assume that nd is not divisible by q — 1. As in the previous 
case, we find that 

(W®PicY Q )(u Q - N )^{0}. 

Now we conclude we a different argument. By the above non vanishing, 
and by exact sequence (2) of [B] we find that the space of Cartier- 
invariant u; -typical differential forms 

a/q ® ¥q r(Y,n Y ) c =\u- N ) 

is at least two-dimensional. With the exact sequence of Theorem 2 of 
loc. cit. one concludes that 

(Using the fact that the u~ N -part of the last module of the exact 
sequence of Theorem 2 is 1-dimensional. Note that the same argument 
is used in the proof of Theorem 1 of loc. cit., see [SI §4].) □ 

4.1. An example. Let q = 3. One can verify that with P = T 3 — T 2 + l 
and n = 13 the conditions of Theorem [2] are satisfied. Indeed, one has 

0(13) = -T 9 -T 3 -T + l 

and 

7(13) = — T 12 -T 10 + T 9 -T A + T 3 + T-1, 

both of which are divisible by P = T 3 — T 2 + 1 in Fa[T]. Also, note 
that n is not divisible by q — 1. Using Theorem [2] we thus find that the 
prime 

Q(T) = P(T 3 — T) = T 9 — T 6 — T 4 — T 3 — T 2 + 1 

satisfies 

R\Y Q)& ,C[Q] D )(^ N ~ l )^{0} 

where we have 

qP d _ i 

N = n—; = 9841. 

q d - 1 

This is the counterexample to the analogue of the Kummer-Vandiver 
conjecture stated at the end of the introduction (we have —9842 = 9840 
(mod q pd - 1).) 
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5. Characteristic p = 2 

We now assume that p — 2. With some minor changes, the above 
arguments still work, but the result is weaker. 

We keep the notations of section |3j If P(T) is a prime in A of degree 
d such that i(P) ^ 0, then Q(6) = P{T) is a prime of degree 2d in 
A = W q [6], where 6 2 -6 = T. Set again L = kK P C K Q . We have the 
following version of Theorem [TJ 

Theorem 3. Assume p = 2. Let P G A be monic irreducible of degree 
d, and such that i(P) ^ 0. Let n be an integer such that 1 < n < 
q d — 2, not divisible by q — 1 and such that j(n) is divisible by P and 

L(l, K P /k,up) is divisible by 4. Then C(Kq)(uq Ti( ' 9P is not 

cyclic. 

Note that (3(n) is divisible by P if and only if L(l, Kp/k,up) is 
divisible by 2, so the hypothesis are stronger than those in Theorem [TJ 

Proof of Theorem The proof is almost identical to that of Theorem 
[U Let ip be the unique non-trivial character of G = Gal(k/k). 

Proposition [TJ does no longer hold, since we no longer have that {( p — 
l) 2 divides p. However, if j(n) is divisible by P and if L(l, Kp/k,up) 
is divisible by 4 (instead of 2), we can still conclude 

v p (L(l,L/k,ipu^,)) > 2. 

Denote the length of U = C(L)(u P n ) by N. We have 

N = v p (L(l, L/k, ^uj n P )) + v p (L(l, L/K, u n P )) > 4. 

Let g be the nontrivial element of Gal(L/Kp). Then the length of U 9 
equals v p (L(l, L/K, ujp)), which by hypothesis is at least 2. 

Suppose that U is a cyclic H^-module, and let x G U be a generator, 
so that U = Wx. There is a w G W x so that gx = wx. We then 
have that w 2 — 1 is divisible by 2 N . We find that w — 1 is divisible by 
2 N ~ l but not by 2 N (since U 9 ^ U .) It follows that (1 + g)U = 2U, 
and as in the proof of Theorem [TJ we conclude that U/U 9 has length at 
most 1, contradicting our hypothesis. We conclude that U cannot be 
W- cyclic. □ 

Using this, we get the following variation of Theorem [2] in character- 
istic 2, with the same proof. 

Theorem 4. Assume p = 2. Let P G A be monic irreducible of degree 
d and such that i(P) ^ 0. Let n be an integer such 

(1) L(l,Up) is divisible by 4 if n is not divisible by q — 1; 

(2) 7(n) is divisible by P. 
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Let Q{T) = P(T 2 — T) and N = n(q d + 1). Then Q is irreducible in A 
and 

ft\Y Qfi , C[Q] d )(uj- n - 1 ) ^ {0}. 

5.1. An example. Let q = 4 and F 4 = F 2 (a). Then P = T 5 + a 2 T 4 + 
T 3 + aT 2 + a 2 with n = 341 = (4 5 - 1) /(4 - 1) satisfies the hypothesis, 
leading to a counterexample Q G F 4 [T] to Question [TJ 

6. Heuristics 

This section contains no mathematical theorems, but only crude 
heuristic arguments and numerical observations. Our main goal is to 
convince the reader that one could a priori expect to construct many 
counterexamples using the above base change strategy. 

The arguments are specific to odd q so we assume throughout the 
section that q is odd. 

We argue that one could expect that Theorem [2] yields at least 
cX l l p (\ogX)~ l counter-examples of residue cardinality at most X to 
Question [T] (for some constant c > 0), which is much more than the 
log log X counter-examples predicted by Washington's heuristics. 

In fact we will only consider counter-examples of a particular form. 
Assume that q is odd. Note that by Theorem [2j if we are given 

(1) an integer m with 1 < m < q — 1; 

(2) a monic irreducible P G A of degree d, 
such that 

(1) q — 1 does not divide md; 

(2) (3(m(q d - l)/{q - 1)) = 1 (m(q d - \)/{q - 1)) = (P); 
then Q(T) = P(T P — T) is monic irreducible of degree pd and 

R\Y Qfi ,C[Q} D )(u 1+m ^ pd - 1 ^-V) + {0}, 

giving a counterexample to Question [Q 

The reason to restrict to n of the form m(q d — l)/(q — 1) lies in the 
following trivial observation: 

Lemma 1. Let P G A be irreducible of degree d. If n is a multiple of 
(q d — l)/(q—l) then (3(n) and'~f(n) modulo P lie inside ¥ q C A/ P. □ 

So we may expect that /3(n) and 7(n) are much more likely to vanish 
modulo a prime P of degree d if n is of the form m(q d — l)/{q — 1). 

Assume that q — 1 does not divide md. We make the following 
hypotheses on a "random" monic irreducible P of degree d: 

(1) i{P) is non-zero with probability (p — l)/p; 

(2) (3{m{q d — l)/(q — 1)) is zero modulo P with probability 1/g; 
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(3) r y(m(q d — l)/(q — 1)) is zero modulo P with probability 1/q; 

(4) the above probabilities are independent of each other, and in- 
dependent of the vanishing of i(P). 

The first hypothesis is essentially an instance of the Chebotarev den- 
sity theorem, the second and the third are motivated by Lemma [T], and 
the fourth is nothing more than wishful thinking. To some extent one 
can verify these statements experimentally. In Table 1 we reproduce 
some numerical data regarding these hypotheses. Note that in the ex- 
ample of Table 1 seems to have a slight bias towards vanishing, we 
have no explanation for this bias. 

Finally, we show that under the above hypothesis, for some c > we 
find that for all X sufficiently large there are at least cX 1 / p (\ogX)~ 1 
primes of residue cardinality at most X that contradict Question [TJ 

Indeed, for all X sufficiently large there is a positive integer d with 

Qog q X 1 '*)-2<d<]o Sq X 1 '* 
and d not divisible by q — 1. Taking m — 1, we should find 

p _ i i i q d x 1 ^ 

• — • - • — > c 

p q q d logX 

monic irreducibles P of degree d satisfying the conditions (with c > 
independent of X). Each of these leads to a counter-example Q of 
residue cardinality at most X. 



d 


/3(n) = (P) 


7 (n) = (P) 


f3(n) = 7 (n) = (P) 


9 


428 


318 


142 


11 


395 


344 


137 


13 


416 


332 


147 



Table 1. The number of P satisfying various congru- 
ences, out of random samples of 1000 primes P in ¥ 3 [t] 
with i(P) 7^ 0, of degrees 9, 11 and 13. Again n = 
(q d — l)/2. Note that every P counted in the rightmost 
column gives rise to a prime Q which gives a counterex- 
ample to Question [TJ 
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